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Partialityλ =  ---------------------- 
 

S/ll	  shots:	  mathema/cal	  expression	  for	  spot	  par/ality	  
	  is	  a	  work	  in	  progress	  

area / volumeHKL 
area / volume000 

•  This correction is extremely sensitive to orientation  
•  Crystal must be postrefined: the orientation is optimized such that the partiality-

corrected multiple measurements of the same HKL yield the most consistent 
structure factor.  

•  Papers by Helen Ginn & Mona Uervirojnangkoorn 
•  Sauter (2015) J. Synchro. Rad., 22, 329 



Scale	  factor	  refinement	  is	  analy/cally	  complex	  

•  Express Ih in terms of scale factors Gm: Hamilton, Rollet & Sparks, 1965 
•  Derivatives require a double loop over two sets of indices m and m’ 
•  Introducing partiality requires more parameters, and further analytical 

complexity 

F = h∑ iWhi∑ (Ihi −GmIh )
2
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Abstract

Frozen crystals of proteins, nucleic acids or other
biological macromolecules often have mosaic spreads
comparable to the maximum useful oscillation angles. It
is, therefore, necessary to develop scaling methods that
are independent of the exclusive use of full reØections.
The Hamilton, Rollett and Sparks [Acta Cryst (1965), 18,
129±130] procedure for scaling frames of X-ray area-
detector data has been generalized to utilize partial
reØections by adding intensities of partial reØections
from consecutive frames (method 1) or by correcting
intensities of partial reØections, using a model to
calculate the reØection partiality (method 2). Both
methods have been applied to scaling and averaging of
data-sets collected on crystals of biological macromole-
cules. The agreement factors of the scaled data are
better when using method 1, although it often fails when
there are rotation gaps between successive images or
when the data redundancy is low. Method 2 is more
stable and versatile, allowing scaling of data-sets with
incompletely measured reØections and low redundancy.
The major drawback of method 2 is its sensitivity to
inaccuracy in calculated partiality. The actual values of
the scale factors obtained with the two methods are
within 5%. However, when the true value of the scale
factor changes dramatically between consecutive frames
(e.g. due to beam dumps and reÆlls at a synchrotron
source), the results of the two methods can differ by as
much as 15% because method 1 produces physically
wrong results. The scaling algorithm implemented in the
commercially available program SCALEPACK is
vulnerable to the same problems as method 1.

1. Introduction

Recent advances in the use of frozen crystals for X-ray
data collection of biological samples (Rodgers, 1994)
often result in data for which most of the observations
on any frame are partial. This might be avoided by
increasing the oscillation ranges, but that would cause
many reØections to overlap with neighbours. Thus, it is

necessary to develop scaling procedures that are inde-
pendent of the exclusive use of full reØections.

A set of measured Bragg intensities is dependent on
the properties of the crystal, radiation source and
detector. Usually, these three factors cannot be kept
constant throughout data collection. The crystal may
decay, which weakens the Bragg reØections, or even
`die', which requires the use of several crystals. The
intensity and position of the primary beam may vary,
especially at a synchrotron source. The detector
response may change when, for example, different Ælms
or image plates are used.

Most data-sets can be divided into a series of subsets
(e.g. frames) collected under more-or-less constant
conditions. These subsets of data need to be placed on a
common arbitrary scale prior to merging them into a
single data-set. The scaling can be performed by
comparing the intensities of multiply measured or
symmetry-equivalent reØections on different frames.

A least-squares procedure, frequently used for scaling
frames of data, is the Hamilton, Rollet and Sparks
(HRS) method (Hamilton, Rollett & Sparks, 1965). The
target for this least-squares minimization is
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where Ih is the best least-squares estimate of the inten-
sity of a reØection with reducedß Miller indices h; Ihi is
the intensity of the ith measurement of reØection h;Whi

is a weight for reØection hi;Gm is the inverse linear scale
factor for the frame m on which reØection hi is recorded.
TheHRS expression (1) assumes that all reØections hi are
full, that is their reciprocal-lattice points have completely
passed through the Ewald sphere.
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≤ Current address: Microcal Software, Inc., 160 Speen Street, Suite
301, Framingham, MA 01701, USA.
≥ Current address: CompuNet Computer AG, Severinstrasse 42, 45127
Essen, Germany.

ß Reduced Miller indices correspond to the asymmetric unit of the
reciprocal lattice. An algorithm for `reducing' Miller indices is
described in Appendix A.F = h∑ iWhi∑ (Ihi −Gm
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G = per-image scale factor 
I = s.f. intensity 



Alternate	  approach:	  Treat	  the	  intensi/es	  as	  independent	  parameters	  

If	  the	  Ih	  are	  treated	  as	  independent	  variables	  the	  the	  complexity	  of	  the	  algorithm	  needed	  to	  
evaluate	  the	  deriva/ves	  is	  linear	  in	  the	  number	  of	  observa/ons	  n	  O(n).	  	  

F = iWhi∑ (Ihi −GmIh )
2........(4)

∂F
∂Gm

= 2 i t∑ (−IhWhi )............(5)

∂F
∂Ih

= 2 i t∑ (−GmWhi )............(6)

where t = Ihi – Gm Ih 



Model	  the	  problem:	  scale	  thousands	  of	  synthe/c-‐data	  s/ll	  shots	

•  Take	  Miller	  indices	  from	  actual	  indexed	  images	  with	  real	  diffrac/on	  
•  Subs/tute	  calculated	  intensi/es	  from	  a	  PDB	  model,	  with	  various	  degrees	  of	  

shot	  noise	  
•  Use	  full	  intensi/es	  only	  –	  do	  not	  simulate	  the	  par/ality	  problem	  
•  Choose	  randomized	  scale	  factors	  and	  B-‐factors	  for	  each	  image	  
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Parameters	  refined:	  
•  Scale	  factor	  Gimage	  for	  each	  image	  
•  B-‐factor	  Bimage	  for	  each	  image	  	  
•  Intensity	  Imodel	  for	  each	  Miller	  index	  



Key	  methodology	  for	  refinement	

•  Use a limited-memory quasi-Newton method (LBFGS) to minimize the target 
function T. 

•  For each step, calculate the objective function and the first derivatives:   

T 

•  d 

•  Straightforward calculation of starting values: 

•  Scale factor G:  average intensity of all observations on each frame 

•  B factor = 0 

•  Intensity I: average intensity of all observations of the Miller index 



Key	  methodology	  for	  refinement	

•  Use a limited-memory quasi-Newton method (LBFGS) to minimize the target 
function T. 

•  For each step, calculate the objective function and the first derivatives:   

T 

•  d 

•  However, the convergence behavior is extremely poor, presumably due to the 
large number of parameters. 

•  e.g. 400 frames with 4000 parameters requires 105 iterations and 417 seconds. 

•  Fix this by computing curvatures.  Curvatures condition the problem, properly 
weighting the contribution of each free parameter to the target function, and 
arriving at a more appropriate step size:  

High curvature 

Low curvature 



Performance	  of	  LBFGS	  +	  /	  -‐	  curvatures	

Number	  of	  parameters	  
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m
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)	  

LBFGS	  
no	  curvatures	  

LBFGS	  
with	  curvatures	  

5000	  frames	  
173000	  parameters	  
<1000	  seconds	  400	  frames	  

4400	  parameters	  



Refinement	  results	

Scale factors B factors Intensities 

c.c. = 5.7% 

800 images, I/σ=143 

800 images, I/σ=45 

800 images, I/σ=4.6 

c.c. = 43.8% 

c.c. = 99.6% c.c. = 100% 

c.c. = 100% 

c.c. = 99.9% 

c.c. = 100% 

c.c. = 99.9% 

c.c. = 99.6% 



B-‐factor	  results	  are	  inherently	  noisy	

•  Exponential factor makes relatively little contribution to the target 
function 

•  Same comment applies to the weak structure factor intensities; 
potentially applies to other model parameters going in to postrefinement 

•  Confirmed by the follow-up experiments with a different optimizer, but 
using the same target function.  Minimization did converge, fit was just 
poor. 

2θ angle (°) 

exponential 
due to B-factor 
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LBFGS	  with	  curvatures	  is	  not	  a	  good	  general	  method	

•  Analytical calculation of second derivatives is labor-intensive and error-
prone 

•  Makes the code more complex, and more difficult to maintain 

•  Discourages quick experiments with different parameters or alternate 
models, which is precisely the aim of this inquiry 

•  Our simple guess of B=0 as the initial parameter value puts us at a 
saddle point for some of the B-factors (pointed out by Muhamed/DIALS5) 

•  Unless the curvatures are positive for all parameters, the LBFGS 
minimizer does not know how to proceed. 



Workarounds	  for	  non-‐posi/ve	  curvature	  are	  not	  robust	

•  Muhamed applied pre-refinement of I, G, and B without curvatures, to put 
the problem at a better position in parameter space where curvatures 
could then take over. 

•  This turned out to still fail for a small set of B-factors in my simulations, 
further illustrating that we want to avoid complex, ad hoc methods, and 
rather focus on simple methods that can be generalized to other 
parameter sets in the future. 

•  Results presented here:  avoided negative curvatures by taking the 
absolute value! 

•  Allowed the minimization to run to completion 
•  However, invariably took false directions where the exponential term 

diverges to infinity 
•  Only able to run the program by turning off the trap for floating point 

exceptions 
•  NOT a general method 
•  B-factors for low I/sigma examples do not always converge 



Turn	  to	  non-‐linear	  least	  squares	  methods	

•  Optimally take advantage of the least-squares form of the target. 

•  Jacobian matrix:  for each observation, calculate the derivative of the 
residual term Robs = Iobs – Icalc with respect to each free parameter. 

•  These terms are used to build up the so-called normal equations Ax = b, 
whose solution gives the next step for iterative non-linear least squares 
parameter fitting.  A = JTJ 

•  Levenberg-Marquardt algorithm arrives at a good fit in very few iterations, 
with information from first derivatives only. 
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Problems	  to	  overcome	

•  Optimally take advantage of the least-squares form of the target. 

•  Jacobian matrix:  for each observation, calculate the derivative of the 
residual term Robs = Iobs – Icalc with respect to each free parameter. 

•  The Jacobian matrix is notoriously large.  For the 5000-image problem 
considered here, 8 x 106 observations = 1.7 x 105 parameters, or 1012 
terms.  This could not possibly fit in memory. 

•  However, each line of the Jacobian can be calculated sequentially and 
added to the normal equations.  Furthermore, perform this loop at the  
C++ level, avoiding inefficient Python code.   

! = 1
!! !!"# − !!"#$%!!!!!"#$%

!"# !
!

!

!!"#$%
!

!"#
!

observations 

parameters, p 



Performance	  of	  non-‐linear	  least	  squares	

Number	  of	  parameters	  
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e	  
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)	  

LBFGS	  
no	  curvatures	  

LBFGS	  
with	  curvatures	  

500	  frames	  
2	  days	  Levenberg	  with	  

stepwise	  	  
build	  up	  



Further	  improvements	  to	  efficiency	
•  Jacobian matrix:  for each observation, calculate the derivative of the 

residual term Robs = Iobs – Icalc with respect to each free parameter. 

 
•  For each row in the Jacobian matrix, only three elements are non-zero: 

the derivatives of the residual with respect to Gimage, Bimage, and Imiller.  
Therefore, loop over these three explicitly when building up the normal 
equations, instead of over thousands of zeroes. 

•  Specific code for this parameterization, down to the add_equation level, 
but after all this is only 13 lines of code, so it’s worth it! 

observations 

parameters, p 

 for (int ix = 0; ix < raw_observations.size(); ++ix) {!
          double Gfactor  = Gptr[ frame[ix] ];!
          double Bfactor  = std::exp(-2.* Bptr[ frame[ix] ] * stol_sq[ix]);!
          double Ifactor  = Iptr[ miller[ix] ];!
!
          jacobian_one_row_indices.push_back( miller[ix] );!
          jacobian_one_row_data.push_back(-Bitem * Gitem); //derivative with respect to I!
!
          jacobian_one_row_indices.push_back(N_I + frame[ix]);!
          jacobian_one_row_data.push_back(-Bitem * Iitem); //derivative with respect to G!
!
          jacobian_one_row_indices.push_back(N_I + N_G + frame[ix]);!
          jacobian_one_row_data.push_back(Bitem * Gitem * Iitem * 2. * stol_sq[ix]); //derivative with respect to B!
!
          add_residual(residuals[ix], weights[ix]);!
          add_equation_sparse(-residuals[ix], jacobian_one_row_indices, jacobian_one_row_data, weights[ix]);!
 }!



Performance	  of	  non-‐linear	  least	  squares	

Number	  of	  parameters	  
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LBFGS	  
no	  	  
curvatures	   LBFGS	  

with	  
curvatures	  

500	  frames	  
2	  days	  Levenberg	  with	  

stepwise	  	  
build	  up	  

Levenberg	  with	  
sparse	  add	  
equa/ons	  

500	  frames	  
1	  hour	  

500	  frames	  
4	  seconds	  



How	  can	  we	  break	  the	  500	  frame/1	  hour	  limit?	
•  Idea 1:  divide and conquer.  

•  cspad.metrology.  Macrocycle iteration over two refinements: 
•  Tile positions & rotations, beam position, crystal distance, and 

crystal Rotz (done by LBFGS + curvatures) 
•  Individual Levenberg refinement for each crystal of unit cell, and 

crystal rotations Rotx and Roty. 

•  cctbx.prime.  Microcycle iteration over: 
•  G (scale) factors 
•  Crystal orientation 
•  Mosaic parameters 
•  Unit cell dimensions 
Macrocycle over: 
•  Reference intensities 

 
•  The drawback to these approaches is that independent refinement of 

parameters ignores covariance. 

•  To facilitate research into new parameterizations, how far can refinement 
be pushed without dividing parameters into separately-refined piles?  



Examining	  the	  normal	  matrix	
•  Idea 2:  Use better algorithms to solve large normal matrices A.  

•  Solving Ax = b gives the step size for Levenberg-Marquardt iterations 
•  A is a positive-definite symmetric square matrix, Nparams x Nparams 

•  Rate limiting step in calculating x = A-1b is the use of the Cholesky 
decomposition of A into the product A = LLT, where L is a lower-
triangular matrix, or “Cholesky factor”. 

Example normal matrix 

Imiller 

Gimage 

Bimage 

Imiller Gimage Bimage 

Corresponding Cholesky factor  



Analy/cally	  compute	  the	  Cholesky	  fill-‐in	  with	  graph	  theory	Cholesky Factorization
Parallel Dense Cholesky

Parallel Sparse Cholesky

Sparse Elimination
Matrix Orderings
Parallel Algorithms

Example: Graph Model of Elimination
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Normal matrix Cholesky factor 



Fill-‐in	  can	  be	  minimized	  by	  permu/ng	  the	  order	  of	  parameters	

Cholesky Factorization
Parallel Dense Cholesky

Parallel Sparse Cholesky

Sparse Elimination
Matrix Orderings
Parallel Algorithms

Effect of Matrix Ordering

Amount of fill depends on order in which variables are
eliminated

Example: “arrow” matrix — if first row and column are
dense, then factor fills in completely, but if last row and
column are dense, then they cause no fill
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Significant	  efficiency	  benefit:	  only	  calculate	  the	  non-‐zero	  elements	

#	  
images	  

#	  
parameters	  

	  
N2	  

#	  non-‐zero	  
elements	  in	  	  

normal	  
matrix	  

Frac6on	  
of	  

elements	  
non-‐zero	  

#	  non-‐zero	  
elements	  in	  	  

Cholesky	  
factor	  

Frac6on	  of	  
elements	  
non-‐zero	  

	  

200	   786	   6x105	   9,565	   2.97%	   95,247	   29.58%	  

300	   1,884	   4x106	   35,611	   1.97%	   213,967	   11.82%	  

500	   4,383	   2x107	   188,428	   0.69%	   681,931	   2.49%	  

1000	   55,964	   3x109	   1,672,461	   0.11%	   3,618,497	   0.23%	  

2000	   143,279	   2x1010	   6,310,536	   0.06%	   14,171,257	   0.14%	  

5000	   172,695	   3x1010	   16,509,042	   0.11%	   66,346,347	   0.44%	  



Op/miza/on	  package	  pros	  &	  cons	

Pros:	  
•  Very	  large	  community	  effort,	  popular	  
•  Many	  algorithms	  supported	  
Cons:	  
•  Scipy.op/mize.leastsq	  depends	  on	  fortran	  

•  Memory	  conten/on	  forces	  special	  
python	  import	  order	  

•  Requires	  the	  source	  developer	  to	  install	  
fortran	  compiler	  

•  Very	  difficult	  for	  us	  to	  prepare	  portable	  
mul/planorm	  binary	  distribu/on	  

•  Cython	  compiler	  is	  required	  
•  Lots	  of	  other	  dependencies—ATLAS,	  LAPACK	  

etc.	  
•  Levenberg-‐Marquardt	  already	  in	  scitbx	  

•  Only	  supports	  sparse-‐matrix	  Cholesky	  with	  
addi/onal	  package	  scikits.sparse.cholmod	  
(GPL?)	  

Eigen 

Pros:	  
•  Very	  large	  community	  effort,	  ac/vely	  

developed	  
•  Many	  linalg	  algorithms	  supported	  
•  Based	  solely	  on	  C++	  template	  library	  

•  No	  addi/onal	  compilers	  needed	  
•  No	  compiled	  libraries;	  operates	  

exclusively	  through	  include	  files	  
•  Permissive	  license	  

Cons:	  

•  No	  Python	  interface	  
•  But	  the	  relevant	  algorithms	  are	  

easily	  exposed	  (40	  lines	  of	  code)	  
through	  our	  normal	  boost-‐
wrappers;	  	  2-‐day	  effort,	  no	  aQempt	  
to	  provide	  to-‐python/from-‐python	  
wrappers	  for	  Eigen	  data	  structures;	  
LBNL	  to	  provide	  example	  



Levenberg-‐Marquardt	  numerical	  results	  

•  Virtually	  iden/cal	  to	  LBFGS	  results	  
	  
•  Small	  improvements,	  especially	  in	  B-‐factor	  correla/on	  
coefficients,	  where	  LBFGS	  curvatures	  had	  produced	  
numerical	  instability	  

Example:	  
1000	  images,	  I/sigma=4	  
LBFGS:	  G	  (r=99.8%)	  B	  (r=-‐3.1%)	  I	  (99.3%)	  
L-‐M:	  	  	  	  	  G	  (r=99.9%)	  B	  (r=16.1%)	  I	  (99.2%)	  



Performance	  of	  non-‐linear	  least	  squares	

Number	  of	  parameters	  

Re
fin

em
en

t	  /
m
e	  
(s
)	  

Levenberg	  
Eigen	  

LBFGS	  
with	  
curvatures	  

5000	  frames,	  3	  hours	  

Levenberg	  with	  
stepwise	  	  
build	  up	  

Levenberg	  with	  
sparse	  add	  
equa/ons	   5000	  frames,	  10	  minutes	  



Next	  steps	  
Op/mize	  code:	  
•  Check	  for	  memory	  leaks	  
	  
Connec/ng	  it	  up	  to	  DIALS	  &	  XFEL:	  
•  Include	  eigen	  source	  in	  the	  developer	  build,	  add	  include	  path	  

•  Extend	  the	  scitbx/lstbx	  Python	  layer	  to	  include	  a	  sparse	  Cholesky	  op/on	  
•  “How-‐to”	  example	  for	  wri/ng	  fast-‐running	  build_up()	  of	  normal	  equa/ons	  (C++)	  

Applica/ons:	  
•  Drop-‐in	  op/mizer	  replacement	  for	  cspad.metrology	  (in	  the	  cctbx.xfel	  context);	  refine	  

all	  parameters	  in	  one	  go.	  	  	  
•  Migrate	  from	  the	  ucbp3	  spot	  predic/on	  code	  to	  the	  dxtbx	  framework	  
•  Will	  be	  a	  first	  step	  toward	  doing	  all	  metrology	  refinement	  in	  DIALS	  
•  Publish	  soon	  

•  Drop-‐in	  op/mizer	  replacement	  for	  the	  postrefinement	  op/on	  in	  cxi.merge	  

•  Experimental	  planorm	  for	  adding	  new	  par/ality	  models	  



Scaling	  it	  up	  
Use	  “divide	  and	  conquer”	  to	  go	  beyond	  5000	  images	  
	  
	  
	  
	  

	  
	  
	  
Refine	  parameters	  on	  overlapping	  sets	  of	  2000	  images	  
Average	  the	  duplicate	  parameter	  fits	  &	  do	  another	  round	  

….on	  64	  cores,	  this	  processes	  64,000	  images	  in	  1	  –	  2	  hours	  
Scales	  up	  to	  many	  nodes	  if	  MPI	  interface	  is	  used,	  to	  handle	  105	  images	  

2000 
images 
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Large-parameter outlook: 
•  Rotation data: application to multicrystal & scan varying datasets 
•  Enable still-shot methods for synchrotron experiments 
•  Experimental calibration (metrology) 
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